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ABSTRACT

Droplet sizes, larger than expected, and transient water vapor supersaturations were measured in radiation
fog. Nongradient turbulent mixing of saturated air parcels at different temperatures and the release of excess
vapor by molecular diffusion at the interface between the mixing parcels are suggested as the mechanisms
causing the large supersaturations. Approximate agreement is found between calculated rates of change of
supersaturation during nongradient mixing and the supersaturation measurements. A stochastic mixing model,
based on the supersaturation and other measurements in the fogs, is used to estimate if nongradient mixing
and transient supersaturations cause the appearance of large droplets. The model predicts a broadening of the
droplet spectra to include no larger than midsized droplets. This study concludes that a form of nonlocal
turbulence closure may be required in models to accurately describe microphysics in fogs and clouds when
nongradient mixing is important. This mixing causes droplet broadening and activation of cloud condensation
nuclei within fogs and clouds; the effect is both proportional to the temperature difference of mixing saturated
air parcels and inversely proportional to the droplet integral radius.

1. Introduction

The central theme of this paper is an attempt to
explain large values of water vapor supersaturation, S,
measured in radiation fog. The observed values of S
are best summarized as being as large as several tenths
of 1% in magnitude and transient in nature, lasting as
long as tens of seconds. A corollary to this theme is to
determine if these supersaturations cause the observed
rapid evolution of the droplet spectra to larger droplet
sizes.

The first direct measurements of water vapor su-
persaturation were made at Lake Fairfax County Park
in shallow radiation fog (Gerber 1981) using the sat-
uration hygrometer described by Gerber (1980). Mea-
sured values of S were as large as 0.5%, which, due to
the use of a low-frequency filter on the output of the
instrument, may still have been an underestimate of
the true maxima. The hygrometer was used a second
time during the 1982 Fog Project at ASRC (Atmo-
spheric Science Research Center, State University of
New York, Albany; Jiusto and Lala 1983; Meyer et al.
1986; Fitzjarrald and Lala 1989; Meyer and Lala 1990).
Sufficient measurements were made to judge the prac-
ticality of the hygrometer, and again large values of S
were measured near the ground, but this time in deeper
radiation fog.
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Those large measured values of .S were unexpected,
given the predictions of Roach (1976) and Brown
{1980) that values of S in radiation fog were only sev-
eral hundredths of 1%. Also, model results of Bott et
al. (1990) showed slightly subsaturated conditions near
the ground in several types of radiation fog. The mea-
sured values of § were more like those predicted to
exist in the updrafts of clouds (e.g., Warner 1968;
Bower and Choularton 1988). Surprising results were
also obtained with a droplet spectrometer during the
1982 Fog Project. Larger-than-expected droplets, often
near the 40-um droplet-diameter coalescence limit,
formed rapidly in the radiation fogs. Similar observa-
tions were made earlier by Pinnick et al. (1978) and
Choularton et al. (1981); the latter argued that large
supersaturation fluctuations near fog top due to en-
trainment of warm moist air, or the recyling to fog top
of droplets to be exposed to the maximum radiative
cooling, were possible mechanisms for generating the
large droplets.

A possible interpretation of the measured values of
S'is to consider them in error, even though the design
criteria of the saturation hygrometer called for a mea-
surement range of .S between —5% and +5% [relative
humidity (RH) between 95% and 105%], and an ac-
curacy near S = 0 of § = 0.01% (Gerber 1980). A
claim that such criteria are met must be carefully sub-
stantiated, because of the extraordinary accuracy de-
manded for such measurements. Twomey (1986)
writes that the measurement of .S fluctuations demands
that “. . . for water vapor density, errors could not
exceed a few hundredths of a percent, while tempera-
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ture errors would have to be less than a hundredth of
a degree.” It is not possible to substantiate the perfor-
mance of the saturation hygrometer by comparing it
against either of the other means of measuring atmo-
spheric RH, which are much less accurate, or the NBS
standard humidity generator, whose upper limit is 98%
+ 0.2% RH (Hasegawa and Little 1977). Judgment
on the claimed accuracy of the hygrometer must rely
on a demonstration that the instrument is based on
firm physical grounds. Section 2 reviews the principle
of operation of this hygrometer and its performance
during the 1982 Fog Project. Appendix A details the
means for calibrating the hygrometer.

The topic of droplet growth by condensation or
evaporation in warm clouds and fog has evoked a large
amount of discussion in the recent literature; a partial
list includes Rodhe (1962), Baker and Latham (1979),
Manton (1979), Clark and Hall (1979), Telford and
Chai (1980), Telford and Wagner (1981), Jonas and
Mason (1982), Baker et al. (1984 ), Paluch and Knight
(1986), Paluch and Baumgardner (1989), Cooper
(1989), Jensen and Baker (1989), and Bott et al.
(1990). These papers have in common that they at-
tempt to explain observed droplet spectra by specifying
a relationship among turbulence, the moisture and
temperature field, and the particle and droplet content.
A frequent goal is to explain the source of large droplets
required to initiate precipitation in warm clouds; this
goal has proved to be elusive. The approach of the
present paper is the same as the preceding, with tur-
bulence playing a central role in the explanation of the
measured supersaturation transients and the droplet
spectral evolution in the radiation fog. However, the
present work differs in one important respect: most of
the preceding work deals with clouds in which rising
air produces supersaturations that force the droplet
spectrum. In the present case, supersaturations do not
appear to be a result of this mechanism, because the
measurements were made 1.0 m above a grassy surface
for the Lake Fairfax case and 1.5 m over a similar
surface during the ASRC experiment. At these low lev-
els, vertical motions are largely damped out. Advection
over horizontal temperature gradients also did not ap-
pear to be the cause of fog formation and supersatu-
ration transients, because advection was weak and oc-
curred over a broad flat grassy area. Thus, the cause
of the supersaturations must be sought elsewhere.
Broadwell and Breidenthal’s (1982) ideas on nongra-
dient turbulent diffusion and the application of those
ideas to the interaction of turbulence with cloud drop-
lets by Baker et al. (1984) and Jensen and Baker (1989)
are evaluated as a possible mechanism for explaining
the present observations.

In the following sections, experimental aspects are
given first. Instrumentation is described, including in-
struments operated by ASRC during the 1982 Fog
Project; and measurements are presented of radiation
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fog occurring on the morning of 6 October and 27
October 1982 at Albany County Airport, New York.

The second section gives the interpretation of the
measurements in two parts. In the first part, the time-
dependent mass balance equation for total water sub-
stance is derived for the case of turbulent mixing of
two saturated parcels of air at constant pressure ac-
cording to the Broadwell-Breidenthal (1982) mecha-
nism. The predicted supersaturations are compared to
the supersaturation measurements in the 6 October
and 27 October fogs. In the second part, a simple model
of inhomogeneous isotropic turbulence, based on con-
clusions reached in the first part, is used to mix parcels
of different size and relative humidity. The model mixes
parcels using the Monte Carlo approach, for which
parcel size and moisture probability distributions are
estimated from the saturation hygrometer measure-
ments. The model includes quasi-Lagrangian droplet
size calculations, which are compared to the measured
droplet size distributions in the radiation fog. Due to
the intractable nature of the droplet growth equation,
such stochastic droplet growth calculations are usually
considered impractical, because of large requirements
for computer time. Appendix B offers a new set of time-
dependent analytical expressions for calculating the
change in droplet size due to condensational growth,
under the condition that RH is specified. Those equa-
tions, used in the mixing model, permit efficient cal-
culations over a wide range of droplet sizes, and give
the proper transitions between growing, evaporating,
and unactivated droplets and condensation nuclei.

The final section presents our conclusions. We spec-
ulate on the application of the results to clouds, and
some suggestions are made for advancing the field given
the current approach.

2. Instrumentation

The idea for the saturation hygrometer is based on
observations made by Wylie et al. (1965) on the be-
havior of water droplets on the light-reflecting substrate
of a dewpoint hygrometer. They found that when the
substrate was treated with a hydrophobic film, it was
possible to grow and evaporate the droplets with hardly
any change in their number, even when the substrate
was exposed to a room filled with aerosol. They further
suggested that changes in the light-scattering power of
the droplets on the hydrophobic substrate would in-
dicate growth or evaporation of the droplets, and would
permit equilibrium conditions to be determined.
Without this hydrophobic film the number of droplets .
changes unpredictably (Davies 1963), and causes the
accuracy limit of about 2% RH for dewpoint hy'grom-
eters (Wylie et al. 1965).

The saturation hygrometer uses a mirror coated with
a hydrophobic film on which salt condensation nuclei
are deposited and form centers of water condensation.
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The growth of the droplets formed on the nuclei at
high humidities is monitored optically (Fig. 1). To test
the observations of Wylie et al. (1965), the hygrometer
was placed in a metal box with inside walls wetted with
distilled water and outside walls heavily insulated ther-
mally. After several hours the light scatted by the drop-
lets reached a plateau, which was highly reproducible,
even after most measurements with the hygrometer in
the radiation fogs. It was assumed that RH in this wet
box reached 100.00%.

From the Kohler curves (e.g., see Twomey 1977)
we see that the size of salt solution droplets is highly
sensitive to RH near 100%. For example, 2.5-um radius
droplets at equilibrium at S = 0 reduce their radius by
about 20% when $ = —0.2%. Given that the light scat-
tered by the droplets depends on their radius squared,
sufficient sensitivity may be available to sense even
smaller changes in S with the saturation hygrometer,
and thus meet Twomey’s (1986 ) accuracy requirement
for measuring supersaturation fluctuations. The size of
the droplets on the hygrometer’s mirror, as well as the
mirror’s dimensions and composition, affect the time
response of the hygrometer, as shown by Gerber
(1980). The dimensions of the hygrometer mirror used
during the 1982 Fog Project were 1 cm X 1 cm X 1.27
X 1072 cm, and the size of the salt solution droplets at
equilibrium at RH = 100.00% was about 5-um di-
ameter.

The Kohler curves also show that when S in the
atmosphere exceeds a critical value S, found for the
droplets at .S just greater than 0, the droplets grow
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FIG. 1. Head-on view to scale of the saturation
hygrometer sensor head.
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without limit. Under those conditions the droplets on
the hygrometer’s mirror could grow sufficiently to co-
alesce into larger droplets, which would destroy the
reversibility of the relationship between the hygrome-
ter’s optical signal and droplet growth. To prevent this
from happening, infrared heaters warm the mirror
whenever the ambient value of S is supersaturated (RH
exceeds 100%) (see Fig. 1). The temperature increase
of the mirror is related to the ambient value of S, as
in the saturated salt hygrometer of Nelson and Amdur
(1965).

The saturation hygrometer produces two channels
of output. One channel functions when RH < 100%,
and the other when RH > 100%. The switch between
channels is fixed by determining the hygrometer’s re-
sponse in the wet box. The means for calibrating the
hygrometer for RH larger and smaller than 100.00%
is detailed in appendix A.

For proper operation it is essential that the hygrom-
eter’s mirror as well as the salt solution droplets on it
closely track the ambient temperature. The heat ex-
change between the mirror and the ambient air must
be rapid, while several potentially disruptive sources
of heat must be accounted for. To maximize the heat
exchange with the ambient air a thermally thin mirror
of small thermal mass and large surface-to-volume ratio
is used, and air is aspirated past the mirror to enhance
surface heat conduction. Heat conduction to the mirror
through the supporting stem must be minimized; this
is done by choosing a stem with low heat conductivity,
and with a small cross section. It has been shown
(Brown 1980; Davies 1985) that droplets interact sig-
nificantly with the ambient radiation field. This also
applies to the droplets on the mirror, as well as to the
mirror itself. To minimize blackbody cooling or heating
of the mirror and droplets, a mirror with high broad-
band reflectivity (0.92) is used. With a desired error
limit in the measurement of S of 0.01%, the maximum
permissible difference between the temperature of the
mirror and the environmental blackbody temperature
is estimated from Newton’s and Stefan’s laws to be
1.8°C. It is unlikely that this temperature difference is
exceeded, because the mirror is placed within a ther-
mally thin radiation shield consisting of 0.00254-cm-
thick metallized Mylar film coated with broadband
light-absorbing paint on the inside surface.

The performance of the hygrometer, estimated from
25 hours of operation during the Fog Project, is sum-
marized as follows:

1) The accuracy of the hygrometer was estimated
to be approximately S = 0.02% near 100% RH, 0.1%
at 99% RH, 0.3% at 98% RH, and 0.6% at 97% RH.
Those values are based on wet-box calibrations, the
reproducibility of those calibrations, and the assump-
tion that RH = 100.00% in the wet box.

2) The optical characteristics of the droplet deposit
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on the hygrometer mirror remained constant under
conditions including moderate fog.

3) The droplet deposit changed during a dense fog
when the ambient droplet guard (see Gerber 1980)
overloaded.

4) The 1/e time response of the hygrometer to sim-
ulated step changes in RH was found to be 2.25 s.

5) No hysteresis was detected in the hygrometer
output for negative and positive changes in RH.

Temperature was measured in the immediate vicin-
ity of the hygrometer during both fogs with a thermistor
(Yellow Springs Inc., YSI 44202) with a time constant
of about 5 s. Wind speed was measured in the same
location during the 27 October fog with a Thermal
Systems Inc. omnidirectional hot sphere probe (Model
1620-12) with an accuracy of 1 cm s},

The ASRC field site included a large number of other
" instruments, as detailed by Meyer et al. (1986). The
ASRC instruments for which measurements are pre-
sented or discussed here include the following. Giil
propeller anemometers were located at the 1-m level
and three higher levels on a 16-m tower located about
40 m from the saturation hygrometer. Wet- and dry-
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bulb temperatures were measured at nine levels on the
tower. An AEG visibility meter and a Particle Mea-
suring Systems FSSP-100 were located near the tower
and 1.5 m above the grass. The FSSP-100 produced
32 channels of particle size data, ranging from 0.5 to
47 pm in diameter.

3. Measurements

A 5-h record of saturation hygrometer, wind speed,
and temperature measurements at the 1.5-m height
above the grass at Albany County Airport prior to and
during the fog episodes on 6 October and 27 October
is shown in Fig. 2. The RH data is given as 1-min
running mean values. In both cases the temperature
gradually decreased under clear sky conditions, and
fog formed 35 min after sunrise. The chosen criterion
for fog formation, a reading of the AEG visibility meter
ofless than 1 km (see dashed lines in Fig. 2), coincided
closely with the appearance of activated fog droplets.
The wind speed was generally much less than 1 m s™!;
wind data is missing for the 6 October fog, because of
the ~20 cm s™' threshold wind speed of the Gill an-
emometer.
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FiG. 2. Measurements of relative humidity, temperature, and wind speed 1.5 m above the grass surface at Albany County Airport for a
5-h period on 6 and 27 Oct 1982. Data consist of 1-min running means. Dashed lines bracket the period of fog observed near the surface;
S denotes sunrise; and numbers in the upper corners refer to the beginning and end of the 5-h period by month:day:h:min:s.
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Details of the temperature records suggest different
formation mechanisms for the two fogs. The temper-
ature at 1.5 m remained steady for 35 min after sunrise
for the 6 October case, and then increased at the rapid
rate of 6°C h~! at the time when fog formed. The tem-
perature profiles measured from the tower showed that
the 16-m layer adjacent to the ground consisted of
nearly saturated air with a stable lapse rate of ~3°C/
16 m when the fog first formed. The stability continued,
but gradually decreased until 20 min later, when a
warming surface caused an unstable lapse rate, and
rapid mixing and fog dissipation. Those trends reflect
a fog that was first observed to form aloft, and that
shielded the near-surface layer from typical clear-sky
radiative effects. It is proposed that the fog gradually
lowered toward the ground due to turbulent mixing of
warm saturated air with the cooler saturated layer near
the surface, as in the mechanism discussed by Rodhe
(1962). The gradual erosion of this stable layer was
not caused by heating of the ground as shown by the
stable lapse rate, but was likely due to mixing caused
by shear and or buoyancy production higher in the fog.

The 27 October episode showed the expected steady
increase in temperature after sunrise given clear sky
conditions. This fog may have formed due to upward
water vapor flux resulting from the sudden melting of
frost on the grass, which coincided with the appearance
of the fog.

Figures 3 and 4 show in greater detail the supersat-
uration hygrometer measurements during the two fogs.
The values of S larger than saturation in the 6 October
fog were obtained with the low-pass filter of the hy-
grometer in place; this reduced the time response of
the instrument by a factor of about 10. All other data
in these figures are given in unfiltered form with a time
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FIG. 3. High-resolution time record of relative humidity measured
with the saturation hygrometer on 6 Oct. Dashed lines bracket the
observed fog as in Fig. 2.
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F1G. 4. Same as for Fig. 3, except for the 27 Oct fog.

resolution equal to the 3-s digitizing rate of the data
logger. In both fog cases the onset of the fog, as deter-
mined with the visibility meter, closely matched the
time when the hygrometer first saw values in excess of
RH = 100%. This independently supports the use of
the wet box to set the hygrometer’s 100% RH value,
and suggests that measured values of RH on either side
of RH = 100% are meaningful. The RH record in both
fogs shows much fine structure, with transients in RH
aslarge as 100% =+ 0.4%. The record for the 27 October
fog shows, in addition, two 5-min subsaturated periods
in the fog when RH was as small as 99.5%. During
these periods the fog has apparently advected from
elsewhere and was in the process of evaporating.

The frequency distribution of RH during the two
fogs is shown in Fig. 5; the two long subsaturated pe-
riods during the 27 October fog were arbitrarily not

MEAN RH = 98, 889%

FREQUENCY OF OBSERVATIONS
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FiG. 5. Frequency distribution of relative humidity in fog
constructed from data in Fig. 3 and Fig. 4 (see text).
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FiG. 6. Individual data points of relative humidity measured with
the saturation hygrometer during periods of supersaturation in the
27 Oct fog.

included in this figure. As shown, the mean RH in the
fogs is slightly less than 100.00%, with a symmet-
rical dropoff in the frequency on either side of the
mean RH.

Figure 6 shows in even greater detail RH during pe-
riods of time when eddies in the 27 October fog showed
RH > 100%. Given the Eulerian nature of the mea-
surements, the curves in Fig. 6 do not directly indicate
the lifetime of the supersaturated eddies, but only the
time for the eddies to drift past the hygrometer. How-
ever, under the assumption that the average lifetime
of the eddies reflected in the data in Fig. 6 does not
change, the time intervals in Fig. 6 are indicative of
typical eddy lifetimes. Figure 6 shows that this time
can be on the order of tens of seconds, suggesting that
the 2.25-s time response of the hygrometer is fast
enough to provide useful information on the structure
of these eddies. The visually observed drift of the fog
droplets was nearly horizontal at all times, indicating
that horizontal motions significantly exceeded vertical
motions at the 1.5-m level in the fog.

Under the assumption that the supersaturated eddies
do not change their characteristic lengths on the average
during the time intervals shown in Fig. 6, it is possible
to estimate those lengths by combining the data in Fig.
6 with the wind speed measured with the hot sphere.
The lengths of the 32 supersaturated eddies of the 27
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October fog are distributed about normally (sample
standard deviation s = 2.16), their amplitude lognor-
mally (s = 3.06), and their average shape is nearly a
cosine curve, as shown in Fig. 7. The relatively slow
response of the hygrometer strongly biases the statistics
on eddy size, if much smaller supersaturated eddies
exist, as is likely.

Size distributions of haze and fog droplets measured
at the 1.5-m height just before and during the 6 October
fog are shown in Fig. 8. The haze distribution labeled
with the local time of 0715 was obtained several min-
utes before the onset of the fog when the saturation
hygrometer showed RH ~ 100%. The other two dis-
tributions were each obtained 4 min later; they both
show multiple peaks in the distributions, which are
typical and even more evident in other radiation fogs
(Jiusto and Lala 1983).

In the following analysis of the preceding data, the
6 October fog case will be looked at closely and con-
clusions drawn, with the assumption that eddy statistics
from the 27 October fog also applied to the 6 October
case. This is not a desirable approach, but must suffice
because of the incomplete nature of this dataset and
the greater complexity of the 27 October fog.

4. Interpretation
a. Nongradient mixing

As pointed out by Corrsin (1974), the use of thé
popular gradient diffusion models to determine tur-

.8

S=. B49xCOS [ L.-3. 45) x26. 11

.87

.86

.05 ° 9

.84 o

.83

SUPERSATURATICON S (%)

.62

.01

B 1l L i I 1 1 1 L

@ 1 2 3 4 5 B 7 8 9 18
EOBY LENGTH L M)

FiG. 7. Average shape of supersaturated eddies in the 27 Oct fog
determined from Fig. 6 and wind speed measurements, normalized
to the median eddy length of 6.9 m, and median peak supersaturation
of 0.049%.
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FIG. 8. Size distribution dN/dD of droplet diameters D measured
1.5 m above the surface at indicated local times on 6 Oct. Dashed
curve results from classical condensational growth calculation with
§ =0.001 for 5§ min with 0715 as the initial distribution. Portion of
dN/dD curves for D < 0.5 pm is extrapolated.

bulent transport is reasonably successful only when the
scale of the turbulence is small in comparison to the
distance across which the diffusing quantity is changing
significantly. That the scale of the eddies in the fog
appeared to be of the same order of magnitude as the
height of the tower over which strong temperature gra-
dients existed suggests that conditions for gradient dif-
fusion of temperature and water vapor were not met
in the 6 October fog. Baker et al. (1984 ) also suggested
that gradient diffusion does not hold for atmospheric
processes, such as the phase change of water vapor to
liquid, that are nonlinear in the concentrations of
the fluids being mixed. We apply instead the concept
of nongradient mixing described by Broadwell and
Breidenthal (1982 ) and Broadwell and Mungal (1988)
in an attempt to explain the mixing in the 6 October
fog. They showed experimentally that mixing of two
species in turbulent shear layers was not gradient mix-
ing, but consisted in essence of a two-stage process
where the identity of the species remained largely intact
while being mixed throughout the turbulent layer by
larger-scale inviscid motions, and where homogeni-
zation of the species occurred only by molecular dif-
fusion near the interface created between the species
during the mixing process. The rate of homogenization
was minimal until the turbulence scale approached the
Kolmogorov microscale when the interface rapidly in-
creased. They formulated a simple model based on their
observations; Baker et al. (1984) discussed the impli-
cations of this model for mixing in clouds, and Jensen
and Baker (1989) applied the model to calculate the
droplet spectral evolution in an eddy consisting of
cloudy air mixing with entrained subsaturated air.
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The nongradient mixing model is applied to one
eddy of the 6 October fog for the purpose of developing
an expression for the time evolution of supersaturation
S, which is then compared to S measured in the fog.
Assumptions are made that mixing in this fog is caused
by shear and that the eddy is composed initially of two
unmixed parcels of equal volume and saturated air at
two different temperatures, T, and T,. Supersaturated
vapor is released at the interface created between the
mixing parcels in the eddy, because of the nonlinear
dependence of the saturation vapor pressure on tem-
perature. Further assumptions are made that the time
constant for supersaturation released by molecular dif-
fusion near each small area of the interface is negligible
in comparison to the time constant of the vapor-liquid
phase change, and 1o the time constant for the complete
homogenization of the eddy. These assumptions appear
reasonable given that the molecular diffusion rapidly
becomes ineffective as the turbulence scale in the eddy
increases much beyond the Kolmogorov microscale,
and that the dissipation time constant of the microscale
is at least an order of magnitude smaller than the time
constants of droplet response and complete homoge-
nization for typical initial eddy scales and turbulence
levels (see Jensen and Baker 1989).

The classical expression for S'(e.g., see Howell 1949;
Squires 1952),

B0 ot (1)

dt dt dt
describes the balance of the rate of change of total water
mass in a cloud updraft and has formed the basis for
many cloud microphysical calculations made over the
past 40 years. A modified version of Eq. (1) is applied
to the present fog case. The vapor source term [ first
term on right side of Eq. (1)] is rederived, because the
release of supersaturated vapor in the fog is related to
molecular processes at the interface of the mixing sat-
urated parcels in the eddy and the change in height /
of the eddy is assumed negligible. The sink term (sec-
ond term on right) describes the phase change of su-
persaturated vapor to liquid of the droplets and remains
essentially unchanged from before, except that the
thermodynamic coefficient O, is reevaluated; w is the
liquid water mixing ratio.

The rate at which supersaturated vapor is released
by nongradient mixing is written as proportional to the
rate of interface created in the eddy as it decays, so
that the source term of Eq. (1) becomes

d(_’i_ dr

@\ @i (2)

1 ) = C|
where x is the eddy vapor mixing ratio, x,, is the eddy
saturation vapor mixing ratio after molecular diffusion
has eliminated temperature and vapor gradients at the
interface, C, is a constant, and 7 is the surface area of
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interface per unit mass of the eddy. The expression
(Baker et al. 1984)

1 -3/2
I%-—(l —-L)
L TL

follows directly from Broadwell and Breidenthal’s
model; L is considered to be the scale of the shear layer,
as well as the length scale of the eddy, and

L2\!/3
TL=\{—
<)
is the time for complete homogenization of the eddy,
where ¢ is the turbulent kinetic energy dissipation rate.

The treatment by Broadwell and Breidenthal (1982)
includes the assumptions that mixing and dissipation
in the eddy apply only to the inertial subrange of tur-
bulence with a constant kinetic energy flux from larger
to smaller scales and that the decay time of each scale
is proportional to its linear dimension A and charac-
teristic velocity. This leads to a physical picture of mix-
ing where all portions of the eddy change to smaller
scales simultaneously so that at any given time the tur-
bulence is homogenous.

The expression for C; in Eq. (2) is established by
noting that for any time interval, ¢, — t,, the fraction
of the maximum supersaturation Sy, released by the
decay of the eddy is given by the fraction of the total
interface I, created in the eddy during the same time
interval:

1 dx e dI
max = Imax 3
f,,, X di d’/S W dl d’/ ()

(3)

(4)

which combined with Eq. (2) gives

Shax
Cl = Imax > (6)
where
_ X0 Xm
Smax = Xom (7)

and X, is the mixing ratio after homogenization of the
equal volume parcels originally at 7, and 7, and at T
= (T, + T,)/2 after mixing. The value of x,, corre-
sponds to the temperature 7= T + AT, where AT
results from heating of the air by the release of latent
heat of condensation L, from the phase change. Here
X 18 written in terms of 7', T, X;, and Aw by applying
the small temperature-change approximation of the
Clausius-Clapeyron equation and the First Law of
Thermodynamics under isobaric conditions; x; is the
saturation mixing ratio at 7', and Aw is the amount of
new liquid formed by the mixing.
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By evaluating Eq. (3) for the time #; required for the
eddy to reach the Kolmogorov microscale, J is es-

timated
1 I —3/2
max =~ 1-— » 8
I L ( T L) ( )
where the expressions for
’ A \2/3
I ~ TL[1 - (fk) ] (9)
and the scale length of the microscale
3\1/4
A = (”—) (10)
€

come from Broadwell and Breidenthal’s model; v is the
kinematic viscosity.

The sink term of Eq. (1) describes the loss of su-
persaturated vapor to the growing droplets in the eddy.
According to Fletcher (1966),

dw_f 2 dr dN
7R Rl

where r is the droplet radius, p is the droplet density,
and dN/dr is the droplet size distribution (number of
droplets per unit droplet dimension per unit eddy
volume). - )

For the present case

(11)

1

= 12
O, K (12)
LthwAW
K=—0m-—+1 1
RT?%, - (13)

where p, is the air density at T, A, is the molecular
weight of water, and ¢, is the specific heat capacity of
water.

The droplet growth equation used with Eq. (11) is
given by (Pruppacher and Klett 1978)

dr A  Brf .
—=C[S——+— 14

T ( r r (14)
where C contains the accommodation «7and conden-
sation e, coefficients, 4 and B are slowly varying func-

tions of primarily temperature and the salt content of

‘the droplets, and r,is the dry radius of the condensation

nucleus. .

The use of Egs. (11) and (14) in the present context
requires the assumption that all droplets per unit mass
(or unit volume) of the eddy compete equally for the
supersaturated vapor released in the fraction of the unit
eddy volume consisting of the interface area times a
finite interface thickness. This assumption gives rea-
sonable results, because Egs. (11) and (14) show that
dw/dt is approximately proportional to the supersat-
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uration times the number of droplets affected. Thus,
the fraction of droplets in the interface volume exposed
to the interface supersaturation should have about the
same effect on dw/dt as all the droplets per unit eddy
volume exposed to the interface supersaturation av-
eraged over the unit volume. The assumption causes
least error when small changes occur in dw/dt, and
causes an underestimate in dw/dt when large changes
occur in 7.

Combining Egs. (2)-(10) gives the source term of
Eq. (1), and combining Egs. (11)-(14) gives the sink
term of Eq. (1), which are integrated over time with
the initial condition of § = 0 for ¢ = Os to yield the
desired result:

372 =372
s=(=a) (-2)
J[slt TL TL

1 A Br\ dN
oK, r47rrpC(S p + P ) drdt. (15)

dar

Equation (15) is numerically evaluated under the
following conditions: dN/dr is given by the size dis-
tributions measured at 0715 or 0719 local time on 6
October (Fig. 8), or by the distribution at 0719 mul-
tiplied by a factor of 10; 7, = 278 K and 7, = 281 K
correspond to temperatures measured near the surface
and on the top of the 16-m tower at 0715; L = 6.9 m
is the median eddy length scale (Fig. 7); 4 = 1.13
X 1077 ¢cm, B = 0.60, and C = 7.98 X 1077 cm*s™*
at T = 279.5 K and for (NH, ), SO, nuclei; a7 = 1.00;
a. = 0.04; Spax = 0.433%; t, = 36.121 s for an assumed
value of e = 10 cm? s73; and 7, = 36.244 s.

Results of the calculations, given in Fig. 9, show that
nongradient mixing of saturated air at different tem-
peratures causes supersaturation transients, which
supports the hypothesis that the transients of .S in the
6 October fog were caused by such mixing. Figure 9
shows a steep increase of S at ¢t ~ #, and a peak value
of S close to Spax = 0.433%. The rapid change in S
occurs because the model predicts a rapid increase of
the interface between the mixing parcels just before
complete homogenization of the eddy, and because the
response of the droplets to the supersaturated vapor is
slower than its release.

As a consequence of the predicted rapid release of
S, all droplets in the eddy are exposed to nearly uniform
values of S, consistent with the “homogeneous” mixing
concept (see Baker and Latham 1979). A similar con-
clusion was reached by Jensen and Baker (1989), who
applied nongradient mixing to a 1D model, where mo-
lecular diffusion of heat and vapor was included in
calculating the mixing of cloudy air with drier clean
air at the same temperature.

The calculations using Eq. (15) were repeated with
the parameter .S in the sink term changed to Sy.c. The
former parameter was expected to underestimate the
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FiG. 9. Calculated time evolution of supersaturation S for mixing
of two saturated parcels of equal volume and with a temperature
difference of 3°C according to the Broadwell-Breidenthal (1982)
nongradient mixing mechanism as described by Eq. (15). Solid curves
give predicted S for different initial droplet size distributions given
for the same local times as in Fig. 8. Dashed line is the maximum §
possible from mixing parcels when no vapor-to-liquid conversion
takes place.

loss of vapor to growing droplets when large changes
in droplet size occurred, while the latter should over-
estimate the loss. Thus, the best estimate of vapor loss
is somewhere in between. Curves of S versus ¢ (not
shown) with S, used in Eq. (15) are approximately
the same shape and have nearly the same maximum
values of S as the curves in Fig. 9. This suggests that
the exact physical description in the model of the
moisture and temperature fields in the eddy is not cru-
cial, whereas the expression for the rate of interface
created in the eddy [Eq. (3)] has an overwhelming
effect.

The maximum values and durations of S in Fig. 9
agree favorably with .S measured in the 6 October fog
(Fig. 3); however, the shape of the calculated S tran-
sients are unlike the shape of those measured in Figs.
6 and 7. The measured transients are symmetrical on
the average, and do not show the initial rapid increase
and exponential decrease of .S of the calculated tran-
sients. This difference suggests that assumptions of ho-
mogeneous turbulence, and the simultaneous decrease
in the length scale in the eddy, as specified in this model,
oversimplify the mixing process. Improvement in the
model may require a much more sophisticated deri-
vation of the rate at which interface is created in a
dissipating eddy (e.g., see Pope 1988).

b. Stochastic droplet growth

In this section we estimate whether the observed
transient supersaturations caused the rapid increase of
droplet sizes and the broadening of the droplet spectra
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measured in the 6 October fog. This is done with a
simple stochastic mixing model that uses the Monte
Carlo approach to randomly mix pairs of air parcels
whose scale and supersaturation statistics are estimated
from the hygrometer and hot-sphere wind measure-
ments. In essence, this model applies the “favored-
- droplet hypothesis,” where, due to the statistical nature
of turbulence, some “favored” droplets experience a
time history in the fog that is more conducive to con-
densational growth than other droplets, causing the
finite probability of the appearance of some large
droplets.

This approach was chosen because a less complicated
droplet growth calculation, where a constant or “ef-
fective supersaturation” (Hudson 1980) is applied to
the droplets in the 6 October fog, gives unrealistic re-
sults. For example, when S = 0.1% is applied to the
initial 0715 spectrum of the fog for 5 min, a narrow
peak separated from the smaller particles develops in
the spectrum. This peak is unrealistic, but typical of
droplet calculations where the effect of mixing is not
considered (Pruppacher and Klett 1978). Continuous
turbulent mixing in the 6 October fog is suggested by
the fluctuations in the measured S, and by the changing
vertical temperature profile.

The present model simulates continuous mixing
throughout the fog as follows. The fog is divided into
a first (m = 1) ensemble of k, different air parcels,

108.5
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each with its own value of length scale L and droplet
spectrum, Next, ko random pairs of parcels from the
ensemble are chosen, each pair is mixed in an eddy, S
of the mixture is chosen at random, and the droplets
in the mixture are permitted to react. The droplets in
all eddies start growth at the same time. Growth pro-
ceeds for a time 7, which is the unknown time between
mixing events in the fog. After 7,,,, the k, mixtures with
their new droplet spectra are placed in a second (m
= 2) ensemble for which mixing and droplet growth
again takes place for k, random eddy pairs with new
random choices made for L of the parcels and S of
each mixture. Subsequent ensembles continue the
mixing process and droplet spectral evolution in the
same way.

In the Monte Carlo approach the choice of L and §
requires the use of the cumulative (probability) distri-
bution function (CDF) of each parameter. The struc-
ture of the “eddies” in Figs. 4 and 6 and wind speed
are used to estimate the scale of the parcels in con-
structing the CDF of L. The data do not reveal what
part of the observed RH structure corresponds to par-
cels or eddies, which are defined as mixtures of the
parcels, in the model. We simply assume that the
boundaries and scale L of individual parcels are defined
by locations in the RH record where S = 0. The CDF
for L established in this way from the 27 October fog
data is shown in Fig. 10. The CDF for S is estimated
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FIG. 10. Cumulative probability of relative humidity RH (circles, O) determined by integrating
the frequency distribution of RH in Fig. 5; and the cumulative probability of eddy length (crosses,
X) determined by combining eddy duration given in Fig. 6 with wind speed measurements for

the 27 Oct fog.
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by integrating the frequency distribution of S, compiled
from both 6 October and 27 October fogs, shown in
Fig. 5. Figure 10 shows both CDF and fitted analytical
expressions of the form

RH (%); L (m) = [(A X P) + B]
X [1 — {exp[—(C X P) ~ D1}'?%]
X [1 +(E><PF)] (16)

where A =9,B=17,C=17,D = 0.3, E = 0.6, and
F =8 forthe CDFof L; 4=0.16, B=99.91, C = 30,
D =47, E =0.0033, and F = 25 for the CDF of RH
[or (S + 1) X 100%]; and P is the cumulative prob-
ability (0 to 1) of the parameter. The random choice
of S and L is made by operating on each CDF with P
chosen at random from a uniform distribution func-
tion. This process produces choices of .S and L that are
uncorrelated.

In the preceding section it was concluded from cal-
culations that nongradient turbulent mixing causes a
rapid adjustment of supersaturation to Sp.x due to
molecular diffusion when the Kolmogorov microscale
is approached. This adjustment depends largely on the
moisture and temperature of the mixing parcels, and
is nearly independent of droplet content. This behavior
permits S in Eq. (14) to be parameterized in terms of
Smax, and in terms of a time constant, 7 = 1/(a,1,),
which characterizes the exponential approach of S to
water saturation (.S = 0) as the droplets respond to the
excess or lack of vapor (Cooper 1989); 7 is inversely
proportional to the integral droplet radius I,
= f rdN/}drdr. Figure 9 illustrates that 7 ranges from
about 2 to tens of seconds. The model approximates
the exponential behavior of S by applying a constant
value of S,,.x to each eddy for a period of time equal
to 7. Also, the assumption i1s made that the CDF for
Smax 18 equivalent to the measured CDF of S; I, cor-
responds to the integral radius before droplets grow.
The magnitude of 7 indicates that after some tens of
seconds, S transients in the fog will decay, unless con-
tinuous mixing occurs. This permits us to roughly es-
timate a value for 7,,, which is chosen to be 60 s.

Several additional assumptions are included in the
model:

1) The turbulent mixing in the 6 October fog is
steady. This may have been true for mechanical mixing;
however, the observed gradual decay in the amplitude
of the S transients seen in the aging fog suggests that
vapor and temperature gradients were gradually being
reduced. Thus, from the standpoint of droplet forcing,
the turbulence did not appear to be steady, and this
assumption would tend to overestimate the forcing.

2) Turbulent mixing in the fog is isotropic.

3) There is no droplet sedimentation or coalescence.

4) Radiative effects on the growth of the droplets
are not included.
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5) There is sufficient liquid water content in the fog
so that transients of S with RH < 100% decay to water
saturation.

6) The S gradients caused by molecular diffusion
at the interface of the mixing parcels have a negligible
effect on the shape of the droplet spectra. This as-
sumption is reasonable on the basis of the calculations
by Jensen and Baker (1989), which showed that
changes in the width of the droplet spectra due to such
gradients were insignificant when differences in mois-
ture content of the original two unmixed parcels were
as small as measured typically in the 6 October fog.

The model is initialized by assigning the droplet
spectra measured at 0715 to all parcels in the m = 1
ensemble. The spectra is divided into 53 geometrically
equal size intervals ranging from 0.075-um to 10-um
droplet radius. The corresponding 54 different size
classes r and the number concentration N of the drop-
lets in each size class are specified. The model also
requires 54 values of 74, which are determined by solv-
ing Eq. (14), given the observation that S ~ 0 at 0715,
and the assumptions that dr/dt = 0, and that CCN
consist of (NH,4),S0, nuclei.

The application of random values of L and Sy, 10
kg parcel pairs for m = 1 results in ko mixtures with
different size distributions. When pairs of these mix-
tures are themselves mixed (» = 2), the number of
droplet size classes doubles. To avoid the unwieldy
number of calculations that this doubling would re-
quire, the number of size classes are reduced back to
54 after growth of the droplets in each mixture is com-
plete. The reduction is done by first sorting the droplets
in the mixture according to size after growth and then
combining adjacent size classes to yield new classes for
use with the next value of m. Each new radius class is
found by taking a volume average of the total volume
contributed by droplets of two adjacent classes. Each
contribution depends on r? and N of the adjacent size
classes. The contribution of each N is weighted by the
eddy volume L> normalized by the total volume of the
mixture. The new radius class is given by

L¢3 3
Fikm+1 = 11 Nikm ‘——Lk3 T L3 ¥ikm
k+1
Llsc . B 173
+M+1’k+l’m<——_—Lk3+213c+l r?+l,k+l,m Ni,ll,m+l (17)

where the concentration of droplets in the new radius
class is

N =Ny [ LB
Lkm+1 ik.m Lk3 +Li+l

+N; — e
z+l,k+l,m<Lk3 + LI:’;+1
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and r; 4, and 7,11 k+1, are defined as the adjacent radii
classes i and i + 1, N; 4, and N,y k41, are the corre-
sponding droplet concentrations, and L; and L, are
the length scales of parcels k and k£ + 1. Equations (17)
and (18) serve to conserve N and LWC between ad-
jacent droplet size classes, and to include the effect of
variable L in the mixing process. Nucleus volume is
conserved with a similar equation.

Numerical calculations using Eq. (14) usually specify
fixed droplet size bins Ar in which droplets are placed
after growth. In the present case bins are not used,
because they can lead to numerical broadening of the
droplet spectra in cases where the width of the bins
and the amount of droplet forcing are insufficient to
accurately reflect droplet size changes. In the present
model, growth of the droplets occurring in small in-
crements rather than large jumps makes the bin method
difficult to use. Here droplet sizes and concentrations
are dealt with individually, and only after completion
of the entire mixing process is the typical representation
_of the droplet spectra, AN/ Ar, reconstructed from final
values of r and N.

The following applications of the model use a modest
value of ko = 10 for the number of parcels in the en-
sembles. Nevertheless, given the desire to model the
fog for a maximum mixing time of 1 h, the number
of radius classes and this value of k leads to the re-
quirement of applying Eq. (14) about 10° times. Nu-
merically such a problem is cpu intensive, even for a
large computer. This is caused by the well-known
mathematical “stiffness” of Eq. (14), which must be
integrated for each droplet over small time steps to
avoid numerical instability (Aranson and Brown
1971). The time step is 0.01 s for droplets on the order
of r = 1 um (Bower and Choularton 1988) and is even
smaller when an accurate evolution of smailer droplets
and haze particles is desired.

Rather than applying a large computer to the present
problem an effort was made to modify Eq. (14) to
reduce cpu time. This was done to take full advantage
of the constant value of Sp,.x specified in the model for
each eddy, and because a desirable goal of formulating
cloud microphysical phenomena is to present them in
a simple enough form to permit their practical param-
eterization in dynamic models, which themselves usu-
ally require supercomputers. As detailed in appendix
B, Eq. (14) is rewritten to give a set of analytical
expressions

ra>10"%cm
ro > Ity
S> -1
t>0s
nucleus type

r=f(r,S,t,rq) for (19)

that give one-equation solutions to the time depen-
dence of r, given the initial droplet radius rg, S, £, 74,

JOURNAL OF THE ATMOSPHERIC SCIENCES

VoL. 48, No. 24

and nucleus type over a range of values shown following
the left-hand brace. This approach greatly speeds up
the calculations, and properly accounts for the re-
sponses and transitions of nuclei and droplets to the
fluctuations of S both greater and smaller than RH
= 100%. Hinel (1987) gives a related treatment of
droplet growth.

The first run of the model uses the CDFs given in
Fig. 10, the initial dN/dD for 0715 given in Fig. 8, and
the total mixing time of 15 min, which corresponds to
15 mixing events. The calculated size distribution is
shown in Fig. 11. It was constructed by averaging d N/
dD for the kg parcels of the final ensemble, m = 15.
This is justified, because in the 120-s averaging time
used in measuring dN/dD with the FSSP, about k
parcels flowed past this sensor given the mean parcel
scale and a reasonable guess of the mean flow rate.

The results of the first run show a broadening of the
size distribution from 1its initial shape, but fail to show
the large 30-um droplets measured at 0719 and 0723.
The peak that developed in the modeled dN/dD be-
tween 2 and 10 um formed in spite of the slightly un-
dersaturated mean conditions (RH = 99.99%). This
demonstrates that the stochastic approach used by this
model produces favorable growth conditions for some
droplets, even though the fog is less than saturated on
the average. In the evolution of the modeled dN/dD,
the liquid water content attains near equilibrium con-
ditions after about m = 5, and only the droplet spec-
trum slowly broadens thereafter.

In the second run of the model the CDF for RH in
Fig. 10 was biased by +0.1%, and all other aspects were
kept the same. This was done in an attempt to generate
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FiG. 11. Predicted evolution of dN/dD after 15 min according to
the stochastic condensational growth model (see text) using the sta-
tistics in Fig. 10, and the 0715 distribution in Fig. 8 for initialization.






